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Wave groups in uni-directional surface-wave models
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Abstract. Uni-directional wave models are used to study wave groups that appear in wave tanks of hydrodynamic
laboratories; characteristic for waves in such tanks is that the wave length is rather small, comparable to the depth
of the layer. In second-order theory, the resulting Nonlinear Schrödinger (NLS) equation for the envelope of the
wave group contains the dispersion of the group velocity multiplying the linear term and a ‘gen-coefficient’ that
results from mode generation multiplying the nonlinear term. The signs of these coefficients determine whether
experimentally relevant wave groups are possible or not. If the dispersion is modelled in such a way that it is
correct for all wave lengths for infinitesimal waves, relevant wave groups are obtained consisting of constituent
waves with a certain maximal wave length; other models for the dispersion (such as in the KdV-equation) lead to
different results.
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1. Introduction

This paper deals with some aspects of the propagation of surface waves. The geometry and
dimensions of interest are motivated by water tanks of the hydrodymanic laboratory MARIN,
The Netherlands, and the Indonesian Hydrodynamic Laboratory situated at Surabaya for which
the towing tank is 235 meters long, 11 meters wide and has an undisturbed water depth of 5·5
m. These tanks are used to test the performance of ships in operational conditions; the waves
to be generated should therefore resemble waves of partly or fully developed waves at seas.
For an adequate operation of the laboratories, understanding of the basic wave patterns is
required. Although the basic physical laws describing the water motion are known, they are
rather difficult and require the use of theoretical methods and numerical simulations to predict
the wave motion. In this paper some theoretical investigations are presented that deal with the
evolution of wave groups; for that aim a KdV-type of equation for uni-directional waves will
be used. The results obtained for this approximate model concern the asymptotic description
of the evolution of wave groups; necessarily, these results are limited to waves satisfying the
underlying assumptions, but the mathematical methods are more transparent than those which
use the full set of equations. Besides that, the dependence of the results on the dispersive
properties of the model will be investigated. Scaling of the problem, essentially with the depth
of the water, makes it clear that wave groups in shallow coastal areas can also be studied with
this model. In that respect, the recent numerical calculations on wave groups by De Haas and
Zandbergen [1] and De Haaset al. [2], De Haas [3] can be mentioned; these results show that
small deviations from an initially steady wave group give rather important disturbances on
realistic large time and length scales.

A full description of the surface waves would require to solve the fluid equations in the
interior. Based on the fact that, for infinitesimally small waves, the effect of the interior
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216 E. Van Groesen

fluid motion on the surface can be calculated exactly, and restricting to waves running in
one direction, we will use an uni-directional model for the surface elevation. In more detail,
the equation for the surface elevationu = u(x, t) is the first-order-in-time equation with
dispersion operatorR, and the characteristic quadratic nonlinearity:

∂tu(x, t) = −∂x[Ru(x, t)+ 3
4 u(x, t)

2]. (1)

The variables appearing here are scaled: the spatial variable and the elavation with the depth
of the fluid (assumed to be constant), and the time accordingly to scale the velocity of infini-
tesimal small waves to unity.

Taking forR the simple differential operatorRKdV := 1+ ∂2
x/6, we observe that Equa-

tion (1) is the well known Korteweg–de Vries (KdV) equation. The dispersion relation for
monochromatic solutions of the form ei(kx−ωt) is �KdV = k − k3/6. Comparing this with
the dispersion as found from the full surface wave equations for infinitesimally small waves,
which reads

� = kR̂(k) with R̂(k) =
√

tanhk

k
, (2)

we see thatRKdV is the approximation to the first two terms in a Taylor expansion ofR̂ for
small wave numbersk, i.e. for sufficiently long waves.

For the applications in hydrodynamic laboratories relatively short wave lengths are con-
sidered (somewhat larger than, but of the order of the water depth, correponding to scaled
values ofk becoming as large as 5, see [4]), while the wave heights never exceed 10 percent
of the depth of the basin. This motivates us to describe the dispersion with the operatorR,
although the method will be generally applicable and also other choices for the dispersion
will be investigated.

In Section 2 second-order theory for wave groups with envelopes that are long compared
to the wave length of the constituent waves will be considered (for arbitrary operatorR).
In a frame moving with the group velocity, the amplitudeA of the first-order harmonic is a
function of ‘slow’ length and time variablesξ, τ , and has to satisfy a Nonlinear Schrödinger
(NLS) equation of the form

∂τA+ iβ∂2
ξA+ iγ |A|2A = 0. (3)

The NLS is well-known as amplitude equation for modulated waves in water waves, seee.g.
Dingemans [5] and the many references therein, and appears in other wave problems as well,
seee.g.[6, 7].

The sign of the parametersβ and γ determine the kind of solutions that are possible;
when both are positive, physically relevant (steady) wave groups are possible, for instance
exponentially confined as well as modulated periodic wave groups; with opposite signs, the
steady solutions are periodic modulations resembling beats and the limiting case of a ‘dark’
soliton with different equilibrium levels at infinity.

In Section 3 it is shown thatγ , to be called the ‘gen-coefficient’, results from the nonlinear
mode generation by the quadratic nonlinearity; it depends completely on global properties of
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the dispersion (as is also shown for deep-water and for shallow-water waves, see Dingemans
[5]). Investigation of its sign will result in the conclusion that exponentially confined wave
groups can exist for the model with dispersion given by the full operatorR, provided the wave
length of the constituent waves is not too large; this agrees (even quantitatively) with results
from the Davey–Stewartson equations. It is also shown that other choices for the dispersion
may lead to other results; for instance, dispersion as in the KdV model does not describe
confined wave groups.

2. Second-order theory for wave groups

Starting point for the notion of wave groups are monochromatic solutions oflinear dipersive
wave equations. These are solutions of the form

aeiθ with θ = k0x − ω0t, (4)

where the wave numberk0 and the frequencyω0 are related by the dispersion relation:ω0 =
�(k0). For any amplitudea this is an exact solution. The word ‘monochromatic’ refers to the
fact that only one wave length,i.e.one wave number, is present: the spectrum is a Dirac delta
function atk0.

The linearity of the equation implies that a superposition of such monochromatic waves is
again a solution. In particular, when a superposition is considered of waves with wave numbers
neark0, so waves with only slightly different wave lengths, the phenomenon of interference
appears: reinforcement of the amplitude at some places, and (partial) cancellation at other
places. The narrower the spectral function of the superposed waves, the broader in physical
space the envelope of the resulting wave group becomes.

For the linear equation the solution, witĥf as initial spatial spectral function, is given by

u(x, t) =
∫
f̂ (k)ei(kx−�(k)t) dk.

For a Gaussian initial spectral function (centered aroundk0 = 2·5, with standard deviation
0·2), a plot of the initial profile is given in Figure 1 and is characteristic for an (exponentially)
confined wave group: for most values ofx the cancellation from interference is complete.
A superposition of a few monochromatic waves leads to partial cancellation, and therefore
to an oscillating profile as shown in Figure 2 for three modes; waves of this last type are
characteristic for laboratory experiments.

The profiles of both wave groups show the spatial periodic oscillations with the central
wave numberk0 and the envelope with a modulation as a consequence of interference. Observe
that the spatial extensionL of the envelope is much larger (for the narrow band of wave
numbers taken here) than the wavelength of the carrier wave (which is 2π/k0).

The dynamic behaviour of the wave groups as predicted by linear theory should be an
undisturbed translation of the envelope with a speed equal to the group velocity. This can
be illustrated most clearly for the confined wave group as is done in Figure 3 for which the
values of wave number, frequency, group and phase velocity are given byk0 = 2·5,ω = 1·57,
Vgroup= 0·335,Vphase= 0·628. For illustration the profiles are shifted vertically upwards with
increasing time. Observe the difference in phase velocity (the velocity of each wave) and the
group velocity with which the profile as a whole is translated.
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Figure 1. Profile of an exponentially confined wave group.
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Figure 2. Profile of an oscillating wave group.

The spatial extension and the evolution of the characteristic wave pattern motivates to
describe the pattern as an amplitudea(x, t), the envelope, times the periodic carrier wave eiθ ,

w(x, t) = a(x, t)eiθ , (5)

and to investigate the equation to be satisfied bya in order thatw will be an exact solution of
the linear equation. In doing so, and looking for envelopes of large spatial extension, we are
led to introduce a scaling in the spatial variable: ifε is the inverse of a measure for the length
of the envelope, a long spatial variableξ is introduced in a frame moving with velocityV (yet
unspecified):

ξ := ε(x − V t) and b(ξ, t) := a(x, t).
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Figure 3. Time evolution of the confined wave group.

Writing the linear equation with dispersion relation� in operator form like

∂tu = −i�(−i∂x)u, (6)

we observe that the action of the spatial derivative on the productw = b(ξ, τ)eiθ can be
written like

∂xw = [ik0b(ξ, t)+ ε∂ξb(ξ, t)]eiθ

and that a formal Taylor expansion of� leads to the equation to be satisfied byb(ξ, t)

−iω0b+ ∂tb − εV ∂ξb+ i
∑
m=0

(−iε)m
m! �(m)(k0)∂

m
ξ b = 0,

where�(m) denotes themth order derivative. Observing thatω0 = �(k0), and taking forV
the group velocity, we find in lowest order the equation

∂tb + iε2β∂2
ξ b −

1

3!ε
3 1

3 �
(3)(k0)∂

3
ξ b = O(ε4),

where

β = −1
2�

(2)(k0)

is the so calledcoefficient of dispersion of the group velocity. When it is nonzero, the changes
in b are over a time scale of orderO(ε2); for smaller times this shows that a wave group is
propagating with the group velocity without considerable distortion.
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For asymptotic results on larger time scales, we also introduce a slow time variableτ =
ε2t ; collecting the transformations and defining the amplitude functionA

ξ = ε(x −�(1)(k0)t), τ = ε2t, A(ξ, τ) = a(x, t), (7)

we arrive at the linear amplitude equation in lowest order

∂τ A(ξ, τ)+ iβ∂2
ξA(ξ, τ) = O(ε).

REMARK. Another interpretation of the resulting amplitude equation is found when we con-
sider the dispersion relation for this (dispersive) amplitude equation: for modes of the form
Â(κ)ei (κξ−ντ), the dispersion relation reads

ν = −βκ2.

Multiplied by the carrier wave, there results in the orginal variables

Â(κ)exp[i{(k0 + εκ)x − (�(k0)+ εVgroup(k0)κ − ε2βκ2)t}]
which is an expansion in the frequency of the monochromatic wave with wave numberk0+εκ
of the original linear equation

Â(κ)exp[i{(k0 + εκ)x −�(k0+ εκ)t}].
For givenε small andÂ of bounded support, a superposition corresponds to a spectral function
in the original variables that is narrowly confined near the valuek0.

The effects of nonlinearity on the shape and propagation of wave groups will now be in-
vestigated. No exact theory is possible, so for theoretical investigations we have to be satisfied
with approximations. For the linear equations considered above, it is not necessary to restrict
to real solutions; for nonlinear equations we have to make this restriction from the onset.
Also, mode generation, not present in linear equations, will occur since the nonlinear term in
the equation∂x(u2) causes the generation of wave modes that may originally not have been
present in the spectrum; a combination of modes ei(k1x−ω1t ) and ei(k2x−ω2t ) will lead to modes
with wave numbersk1± k2, and frequenciesω1± ω2. Observe that this mode generation is a
typical nonlinear phenomenon; for the linear equation only modes present at the initial time
will be present at later times.

However, the nonlinearity also multiplies the amplitudes; for that reason intially small
modes will generate other modes of even smaller amplitude. By restricting the interest to first-
and second-order effects, we are motivated to look for wave groups as a superposition of the
first-order harmonic, a second-order double harmonic mode and a second-order non-harmonic
long wave:

w(x, t) = ε A(ξ, τ)eiθ + ε2[B(ξ, τ)+ C(ξ, τ)e2iθ ] + c.c., (8)

whereA,B andC are functions of the slow variables, andc.c means complex conjugates of
all foregoing terms. Substituting this Ansatz in the nonlinear equation

∂tu = −i�(−i∂x)u− 3
4 ∂xu

2, (9)
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we find that the residue is of the following form

residue=
∑
n,m

εnRnm eimθ + c.c.

with n > 1,m > 0; the coefficientsRnm contain expressions inA,B,C and their derivatives.
Satisfaction of the dispersion relation makes all termsRnm with n = 1 to vanish. Forn = 2

the termR21 vanishes if we take forV the group velocity as in the linear case. The only
interesting term isR22 which includes the result of the generation of the double harmonic.
Requiring it to vanish, we specify the functionC as the following expression inA

C(ξ, τ) = 27

2

k0A(ξ, τ)
2

2�(k0)−�(2k0)
.

Forn = 3 there are two terms that are of interest.R30 reads

R30= 27

4
∂ξ |A(ξ, τ)|2− [�(1)(k0)−�(1)(0)]∂ξB(ξ, τ)

and vanishes if the functionB is expressed in terms ofA and some ‘constant’ of integrationα
(possibly depending onτ )

B(ξ, τ) = 27

4

|A(ξ, τ)|2
�(1)(k0)−�(1)(0) + α(τ).

Finally, the termR31 has to vanish to prevent ‘resonance’,i.e. as a solvability condition for
asymptotically valid solutions. Substituting the expressions forC andB found above, we
observe that there results a dynamic equation forA, the amplitude equation

∂τA+ 1
3ik0αA+ iβ∂2

ξA+ iγ |A|2A = 0.

The appearance of the constant of integrationα(τ) can easily be ‘gauged’ away by a simple
time-harmonic multiplication with exp[−i 1

3k0
∫
α(τ)]. In doing so, we find that the resulting

equation is of the form of the Nonlinear Schrödinger Equation (3), where the coefficients are
given by

β = −1
2�

(2)(k0), γ = 9
4k0{σ0+ σ2},

with

σ0 = 1

�(1)(k0)−�(1)(0) andσ2 = k0

2�(k0)−�(2k0)
.

The coefficientβ is the same as for linear wave groups and depends only on the value ofk0.

REMARK. An alternative derivation of the amplitude equation is possible if we exploit the
Hamiltonian structure of the original Equation (1). The procedure resembles Whitham aver-
aging technique, see [8], and its generalizations described in [9]; briefly the procedure is as
follows.
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The Hamiltonian structure of (1) reads

∂tu = −∂x δH(u), (10)

whereδH(u) is the variational derivative of the HamiltonianH(u) which is given by

H(u) =
∫
[12uRu+ 1

4u
3]dx.

Restricting the Hamiltonian by inserting the Ansatz of a wave group and expanding the struc-
ture map∂x, we find a set of equations from whichB andC can be solved with the same
result as above. On this subset, the resulting equation is the Hamiltonian formulation of the
final NLS equation:

∂τA = i δK(A)

with Hamiltonian

K(A) =
∫
[12β|∂ξA|2− 1

4γ |A|4]dξ.

3. Characteristic wave groups

Having found the governing NLS equation for the amplitude, we shall investigate in this
section some characteristic properties of its solutions. The properties will depend on the sign
of the coefficientsβ andγ , so this will be investigated first; it turns out that these signs depend
on the dispersive properties.

The two contributing terms in the coefficientγ have a clear physical interpretation. The
termσ2 results from the generation of the second harmonic by the nonlinearity; it depends on
the difference of the frequency at the original wave numberk0 and at the double harmonic
2k0. This difference should be nonzero in order to be able to surpress the resonance, and is
generally called anon-resonance, or solvability condition. If the dispersion is normal in the
interval of wave numbers[k0,2k0], this termσ2 is positive.

Likewise, the termσ0 results from the generation of the non-harmonic wave by the non-
linearity, andσ0 depends on the difference of the group velocity at the original wave number
k0 with that for long waves. If the dispersion is normal in the interval[0, k0], this termσ0 is
negative.

Having shown thatγ is completely determined by effects from the generation of modes
by the nonlinearity, we will call thegen-coefficient. Observe that even in regions of normal
dispersion, the signs of the two termsσ0 andσ2 are opposite, and so no easy conclusion about
the sign ofγ can be drawn. As we will see below, the signs ofβ andγ determine the kind of
wave groups that are described by the model.

An investigation ofγ as a function ofk shows that for the dispersion described by the
operatorR of infinitesimal surface waves,γ (k) is positive only fork > kcrit, wherekcrit ≈
1·15; see Figure 6. This value is close to the critical value≈ 1·362 that is found when wave
groups are considered for the full set of equations describing surface waves on a layer of fluid;
the expression obtained here forγ is essentially simpler, seee.g.Dingemans [5].
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The solutions of the NLS Equation (3) determine the evolution of the envelope of the wave
group. If we write the complex amplitude functionA with its modulus and phase like

A(ξ, τ) = a(ξ, τ)eiϕ(ξ,τ ),

the resulting expression for the wave group reads

w(x, t) = 2εa(ξ, τ) cos(ψ)+ 1
6ε

2a(ξ, τ)2{σ0+ 2σ2 cos(2ψ)}, (11)

where the combined phase function is given by

ψ(x, t) = k0x − ω0t + ϕ(ξ, τ).
Solutions of NLS depend very much on the sign of the coefficientsβ andγ : different classes
of solutions can be found. We may demonstrate this most clearly by looking for ‘steady’
solutions of the form

A(ξ, τ) = qf (qξ)e−±iq
2 τ .

The arbitrary parameterq, from symmetry in the NLS, can and will be put equal to one, since
in the expression for the wave groups it can be incorporated inε. The resulting expression for
the wave group then reads

w(x, t) = 2εf (ξ) cos(ψ)+ 1
6ε

2f (ξ)2{σ0+ 2σ2 cos(2ψ)} (12)

with ψ = k0x − (ω0± ε2)t.
The functionf has to satisfy a second-order ordinary differential equation, given by

βf ′′ = ±f − γ f 3.

The characteristic solutions of this equation depend essentially on the sign of the coefficients
β andγ . Only when both coefficients are positive exponentially confined wave groups, and
wave groups with periodically oscillating envelope as shown in Figures 1 and 2 are possible.
We can see this by interpreting the equation forf as a mechanical system: Newton’s equation
of motion for a particle with massβ under the influence of a conservative force with potential
energy

V (f ) = −(±1
2f

2− 1
4γ f

4).

For positive value ofγ and the plus sign, the graph of this function to be calledV+(f ) is
shown in Figure 4; this shows the existence of a homoclinic orbit (the exponentially confined
wave group) and periodic oscillations aroundf = ±1/

√
γ .

For negativeγ , and the minus sign, the graph ofV−(f ) is also shown; now a heteroclinic
orbit and periodic oscillations around zero exist.

For γ > 0, the envelope of the exponentially confined wave group can be written down
explicitly, and is given by the well-known formula for the ‘bright soliton’

f (ξ) = √1/γ sech(ξ/
√
β).

The periodic solutions can be expressed in terms of elliptic functions; the explicit expressions
will not be given here (seee.g.[5, 6]). For negativeγ , the heteroclinic orbit, with tanh-profile,
is the dark soliton; the periodic solutions are ‘nonlinear beats’.
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Figure 4. Graphs of the functionsV+ andV− (dotted) forγ = 1.

For normal dispersion the signs of the coefficientsσ0 andσ2 are the same for all wave
numbers; these signs are opposite and such that, for the exact dispersion relation, their combi-
nation inγ changes the sign ofγ from negative fork 6 kcrit to positive fork > kcrit. The effect
of each contribution in the final expression (11) for the wave group is easily noticed. Since
the sign ofσ2 is positive, the effect of the contributionε2a(ξ, τ)2σ2 cos(2ψ) in the expression
(11) for the wave group is a ‘steepening’ of the wave, as shown in Figure 5, leading to the
characteristic profiles of nonlinear waves, steep crests and flatter valleys, as in the ‘cnoidal
waves’ of the KdV-equation. The fact thatσ0 is negative reveals itself in a depression of the
equilibrium surface level over the length of the wave group.
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Figure 5. Second harmonic added to the first harmonic (dotted).
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Figure 6. Parametersβ (left) andγ for full (top) and BBM – dispersion.

REMARK. For wave groups composed of long waves,i.e. k0 7→ 0, a Taylor expansion of the
expression for the two parameters leads to

β = 1
2k0, γ = −9

4k
−1
0 ;

the same result is obtained for all wave numbers when dispersion is described as in the KdV
equation. Hence, in these cases the sign ofβ is positive (normal dispersion), but the value
of the gen-coefficient is negative now; as a consequence, wave groups with profiles as in
Figures 1 and 2 are not described.

Another choice for approximate linear dispersion would be as in the BBM-equation:ω =
k(1+ 1

6k
2)−1. Then the sign ofγ is positive fork >≈ 1·46, but the dispersion is only normal

for wave numbersk2 < 18. Hence outside the range 1·46 < k < 4·24 the signs ofβ andγ
are opposite (see Figure 6).

Since wave groups that are relevant for laboratory experiments only exists provided the
signs ofβ andγ are both positive, the results above can be summarized as in the following
table:

model dispersion relation laboratory wave groups

full k
√

tanhk/k for k > kcrit ≈ 1·15

BBM k(1+ 1
6k

2)−1 for 1·466 k 6
√

18≈ 4·24

KdV k(1− 1
6k

2) impossible
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4. Conclusions

For uni-directional wave equations with various choices for the dispersion, it was shown
above how the amplitude equation for wave groups depend on the dispersive properties of
the model. The model with dispersion for infinitesimal waves of arbitrary wave length can
describe exponentially confined and oscillating wave groups with carrier waves for which the
normalized wave lengths do not exceed the value 2π/1·15 ≈ 5·46; for waves on a layer of
fluid of depthH this restricts the wave length to 5·46H. For the specific case studied by
De Haas and Zandbergen ([1, 2, 3]), the depth isH = 12 m and exponentially confined and
oscillating wave groups are possible for the wave length of 50 m that is considered in these
papers.

For experiments in hydraulic laboratories, the waves of interest have normalized wave
length of at most 4 (see [4]); hence, exponentially confined and oscillating wave groups
are also possible there. In these experiments the most relevant wave groups are those with
slowly varying amplitude that are determined by the displaced – periodic solutions of the
NLS equation of which a typical profile is shown in Figure 2.

In a subsequent publication [10] a nonlinear theory for finite-amplitude wave groups will
be investigated, since this leads to some modifications of the second-order theory that are
relevant on the time and length scales in the laboratory situation.
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